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Exercise 1: A two-mirror arrangement

We consider a cavity consisting of two identical mirrors at distance L (see Figure below).
We assume no input from the right side (C = 0) while the left side has a unit propagating
field amplitude (B = 1).

a) Calculate the transmission and reflection coefficients for the system (|tc|2 + |rc|2 = 1)
using the transfer matrix formalism. Hint: The scattering matrix for a single mirror is
given by

Mmirror =
1

t

(
t2 − r2 r
−r 1

)
=

(
1− iζ −iζ
iζ 1 + iζ

)
, (1)

with the polarizability ζ = − ir
t .

b) By expanding around an arbitrary resonance of the transmission function, show that
the linewidth (half maximum) is given by κ = c

2ζ2L
.
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Fig. 1: Two identical mirrors seperated by distance L act as a scatterer for incoming
plane waves.
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Exercise 2: Purcell effect

We consider an atom inside a single-mode optical resonator described by the Jaynes-
Cummings Hamiltonian

HJC = h̄ωca
†a+ h̄ωeσ

†σ + h̄g
(
a†σ + aσ†

)
. (2)

Taking into account the decay of the atom (rate γ) as well as the decay of the cavity
mode (rate κ) the complete dynamics of the system is then given by ρ̇ = − i

h̄ [HJC, ρ] +
κD[a, ρ] + γD[σ, ρ].

a) Calculate the equations of motion for 〈σ〉 and 〈a〉.

b) Let us assume that the cavity field is very quickly decaying: κ � γ, g. Show that by
integrating the dynamics of the field mode and considering the dynamics on a time scale
t � κ−1 the expression for 〈a〉 (on resonance ωc = ωe) becomes: 〈a〉 ≈ − ig

κ 〈σ〉. Show
that this leads to an effective spontaneous emission rate of γ̃ = γ (1 + C) with C = g2

κγ .
How does it change if ωc 6= ωe?
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