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Exercise 1: Driven two-level system

We consider a two-level system which is driven by a laser

H = h̄ωeσ
†σ + h̄Ω

(
σ†e−iω`t + h.c.

)
. (1)

a) In quantum optics, rotating frame pictures are widely used to simplify the dynamics of
light-matter interaction. Here, one goes into an interaction picture with a unitary operator
U(t). Assume that the state |Ψ〉 satisfies the Schrödinger equation ih̄d|Ψ〉dt = H |Ψ〉. Show
that the transformed state |Ψ̃〉 evolves according to

ih̄
d |Ψ̃〉
dt

= H̃ |Ψ̃〉 , (2)

where

H̃ = ih̄U̇(t)U †(t) + U(t)HU †(t). (3)

b) Transform into a frame rotating at the laser frequency ω` with U(t) = eiω`σ
†σt and

solve the Schrödinger equation with |Ψ(t)〉 = cg(t) |g〉 + ce(t) |e〉 for an atom initially in
the ground state cg(0) = 1. Sketch the probability of finding the system in the excited
state as a function of time.

Exercise 2: Rotating wave approximation in Heisenberg
picture

In the Heisenberg picture equation of motion for a generic operator Ô is:

∂Ô

∂t
=
i

h̄
[Ĥ, Ô] +

∂Ô

∂t
(4)
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a) Assuming we have only one effective mode in the box, the Hamiltonian for the Field
is Ĥ = h̄ωa†a. Find 〈(a†)man〉 (t).

b) Now consider the two level system with the Hamiltonian Ĥ = h̄ωaσ
†σ.

Find 〈(σ†)mσn〉 (t).

c) Now lets put the TLS in the box, assume the interaction is minimal coupling(d̂.E ∝(
a† + a

) (
σ† + σ

)
), consider both Field and TLS in Heisenberg picture, write the inter-

action term in this picture.

d) We know Hermitian operators are physical observable. Consider we want to measure(
σ†a† + σa

)
and

(
σa† + σ†a

)
, our measurement device will output the time averaged

value with frequncy ωd which is much smaller than the frequency of the Field or TLS. For
an arbitrary fix state perform the time average and discuss about the effect of detuning
on the result?
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